Abstract⎯We study the polyhedral properties of three problems of constructing an optimal complete bipartite subgraph (a biclique) in a bipartite graph. In the first problem, we consider a balanced biclique with the same number of vertices in both parts and arbitrary edge weights. In the other two problems we are dealing with unbalanced subgraphs of maximum and minimum weight with non-negative edges. All three problems are established to be NP-hard. We study the polytopes and the cone decompositions of these problems and their 1-skeletons. We describe the adjacency criterion in the 1-skeleton of the polytope of the balanced complete bipartite subgraph problem. The clique number of the 1-skeleton is estimated from below by a superpolynomial function. For both unbalanced biclique problems we establish the superpolynomial lower bounds on the clique numbers of the graphs of nonnegative cone decompositions. These values characterize the time complexity in a broad class of algorithms based on linear comparisons.
INTRODUCTION
We consider the well-known balanced complete bipartite subgraph problem. Balanced complete bipartite subgraph (BCBS). Given a bipartite graph and a positive integer , are there two disjoint subsets and such that and for any pair of vertices , . The problem is NP-complete by reduction from Clique [11, 13] . The optimization version of the problem where it is required to find a balanced complete bipartite subgraph with a maximum number of vertices is extremely hard even to approximate (no constant factor approximation algorithms are known [10] ). A significant number of works are devoted to the study of polynomially solvable special cases of the problem [2, 17] . Note that a complete bipartite graph is also called a biclique [9] .
It is interesting that the related unbalanced complete bipartite subgraph problem (if we replace the condition by ) is polynomially solvable. The algorithm is based on the wellknown König's theorem [9] .
Theorem 1 (König). In any bipartite graph, the number of edges in a maximum matching equals the number of vertices in a minimum vertex cover.
A maximum matching in a bipartite graph can be found in time by the Hopcroft-Karp algorithm [15] . The proof of König's theorem is constructive; on its basis one can find a vertex cover. All vertices that are not included in a minimum vertex cover form a maximum independent set. If we consider a complement of a bipartite graph, then an independent set is transformed into a complete bipartite subgraph.
Problems related to the construction of complete bipartite subgraphs often arise in various applied fields. In particular, in computational biology for biclustering of expression data of genes, a bipartite graph 1 The article was translated by the authors. ( )
is constructed in which one side represents genes and the other side their properties. The goal is to find the maximum balanced biclique in such a graph [8] . The BCBS problem is also applied in VLSI theory for PLA-folding to reduce the size of programmable logical arrays (PLA) [18] . We consider three optimization versions of the biclique problem in a weighted bipartite graph. Weighted balanced complete bipartite subgraph (WBCBS). Given a complete bipartite graph , , a weight function , and a positive integer , it is required to find a balanced complete bipartite subgraph with the largest (least) sum of edge weights such that . Maximum weighted complete bipartite subgraph (maxWCBS). Given a complete bipartite graph , , a weight function , and a positive integer , it is required to find a complete bipartite subgraph with the sum of edge weights being as large as possible such that . Minimum weighted complete bipartite subgraph (minWCBS). Given a complete bipartite graph , , a weight function , and a positive integer , it is required to find a complete bipartite subgraph with the sum of edge weights being as small as possible such that . We note that for the problem of a balanced biclique, the question of whether the problem is to seek a minimum or a maximum is not crucial. In both cases, the solution is a -balanced complete bipartite subgraph. Further, we only consider the maximum problem. The minimum problem can be obtained from it by inverting the sign of the edge weights.
At the same time, for an unbalanced case, the minimum and maximum problems are fundamentally different. Indeed, if we consider a graph with identical positive edge weights (all missing edges have a zero weight for the maximum problem or an infinite weight for the minimum problem, thus we can assume that the graph is complete), then the maximum is achieved on a balanced or almost balanced biclique with the largest number of edges, while for the minimum problem the biclique has to be as unbalanced as possible. In order to take this into account, we consider these problems with non-negative edge weights.
CONE DECOMPOSITIONS
The object of the research is the construction of a cone decomposition. Let be a finite set of points of . We consider the problem of maximizing a linear objective function over :
We denote by (1) Since is the set of solutions of a finite system of homogeneous linear inequalities, it is a convex polyhedral cone.
Given that the set of all cones is called the cone decomposition of the space by the set . The cone decomposition is similar to the Voronoi diagram, exactly coinciding with it if the Euclidean norms of all points of the set are equal to each other.
We consider the graph of the cone decomposition with the cones being the vertices, and two cones and are adjacent if and only if they have a common facet:
We denote by the clique number, the number of vertices in a maximum clique of the graph of the cone decomposition of the space by the set . It is known [4] that the complexity of the direct type algorithms, based on linear comparisons, of finding the minimum (or maximum, if we change the sign of ( )
the inequality in the definition of the cone) of a linear objective function over the set , or, in other words, finding the cone with the vector , cannot be less than the value of . Thus, characterizes the time complexity in a broad class of algorithms.
Let be the convex hull of : . The convex hull of a finite set of points is a convex polytope that is called the polytope of the problem.
We note that the following lemma holds for the cone decomposition over the entire space (1) [4] . Lemma 1. Vertices and of the polytope are adjacent if and only if the cones and have a common facet.
Thus, for the cone decomposition of the space by the set , the graph coincides with the 1-skeleton of the polytope . The skeleton of the polytope (also called the -skeleton) is the graph whose vertex set is the vertex set of (in this case it is ) and whose edge set is the set of 1-faces of .
Similarly, we construct the cone decompositions of the positive orthant for the maximum and minimum problems:
This construction, in turn, is dual to the polyhedron of the problem that is defined as the dominant of the convex hull of the set , and is used in the analysis of problems with nonnegative input data [12] . In our case, it is the nonnegative weights of the edges.
A large number of papers have been devoted to the study of 1-skeletons, graphs of cone decompositions, and their interrelation with the complexity of combinatorial optimization problems. In particular, there are results for 1-skeletons of the traveling salesperson problem [3] , spanning tree problems with additional constraints [7] , non-negative cone decompositions for the shortest and longest path problems [16] , maximum and minimum cut problems [5, 6] , and many others [4] .
BALANCED COMPLETE BIPARTITE SUBGRAPH Theorem The WBCBS problem is NP-hard.
Proof. We consider only the maximum problem. The proof for the case of the minimum problem is completely similar.
Let be a bipartite graph with . We construct a complete bipartite graph with the weight function There exists a biclique such that in the graph with the sum of edge weights equal to (this is the maximum possible weight of a -balanced complete bipartite subgraph) if and only if is a biclique in the graph . NP-complete problem BCBS is polynomially reduced to WBCBS; thus, the latter is NP-hard. Note: for the sake of convenience, we use the weights of edges , , , and . Since the number of edges in a complete graph is finite, these weights can be replaced by positive integer numbers such that for any the weight is strictly greater than the sum of the weights of all edges . With each feasible solution of the WBCBS problem, with each k-balanced subgraph of , we associate a characteristic vector of the space by the following rule:
We denote by the set of characteristic vectors of all feasible solutions. We consider the polytope of the weighted balanced complete bipartite subgraph problem and the cone decompo- or the subgraphs coincide in one part and in the other part they differ in exactly one vertex:
Proof. By Lemma 1, the adjacency of the vertices of the polytope is equivalent to the adjacency of the cones of the partition . We carry out the proof from the point of view of a cone decomposition.
Let
. Since the cones and are adjacent, there is a vector that belongs only to these two cones of the cone decomposition (cones and have a common facet)
Let the subgraphs and have no common parts. We construct the vector of the edge weights by the following rule ( Fig. 1) : (5) In this case we obtain and this is the maximum possible weight of a k-balanced biclique in the graph.
We consider an arbitrary subgraph .
• If has at least one vertex in part that does not belong to , then , since all edges incident to this vertex have zero weight.
• If has vertices both of and in part , then in the right part only vertices of have nonzero edges with them at the same time. Since , at least one edge has zero weight, hence . • If (or ), then we can similarly consider the part and show that since ( , respectively), we have .
Thus, the cones and are adjacent by condition (4). Let the subgraphs and have a common part. Without loss of generality, we assume that . Let
. We construct the vector of edge weights by the following rule ( Fig. 2) :
By construction, we obtain
We consider an arbitrary subgraph . • If has at least one vertex in the part that does not belong to , then all edges incident to this vertex have negative weights, hence • If has both vertices of , then the edges incident to them have zero or negative weight, hence Consequently, the cones and are adjacent.
It remains to consider the case . We denote by
The symmetric difference contains vertices. We can choose vertices from them in different ways. Therefore, there exist subgraphs such that Thus, Proof. We consider a subset of k-balanced bipartite subgraphs of the following form: we number all vertices in each part by numbers from to and consider only the subgraphs whose vertex numbers on the left and right sides coincide. Any two subgraphs have no common parts. Hence, by Lemma 2, the corresponding vertices of the polytope are adjacent. Thus, forms a clique in the 1-skeleton of the polytope of the problem:
The asymptotic lower estimate is standard for the number of combinations.
MAXIMUM COMPLETE BIPARTITE SUBGRAPH
Now we consider the unbalanced case. Theorem 4. The maxWCBS problem is NP-hard. Proof. We use the argument for Theorem 2. Let be a bipartite graph. We construct a complete weighted bipartite graph whose edges have weight 1 if they belong to the graph and 0 otherwise. In the graph there is a biclique of weight on vertices if and only if is a k-balanced biclique in . Thus, there is a polynomial reduction of BCBS to maxWCBS.
Similarly to the balanced case, with each feasible solution of maxWCBS we associate a characteristic vector . Let be the set of characteristic vectors of all feasible solutions. We consider the non-negative cone decomposition of the positive orthant by the set for the maximum problem (2).
Theorem 5. The clique number of the graph of the cone decomposition for the maximum weighted complete bipartite subgraph problem is superpolynomial in and :
Proof. If is even, we can use the construction from the proof of Theorem 3 where the vertices with the same numbers are taken from the left and right parts. The non-negative cones of the -balanced bicliques without common parts will be pairwise adjacent by Lemma 2. Note that in the proof of this part of the adjacency criterion, only non-negative 0/1-weights were used (Fig. 1) .
The case with odd is treated similarly. We fix one vertex in the left and right parts. Let it be the vertex with the number . We consider the set of bipartite subgraphs of the following form:
that contain the vertex with the number n in the right part.
For any two subgraphs and of , we can construct a vector of edge weights by rule (6) . The subgraphs and have the greatest possible weight for a biclique on vertices: Any bipartite subgraph that includes vertices other than , or both vertices of and , will have a sum of weights less than this. Therefore, by condition (4), the cones and are adjacent and forms a clique in the graph of the cone decomposition. If we exclude a vertex with number , the case of odd reduces to an even case for the graph on vertices in each part. We note that all the results and proofs for the maximum complete bipartite subgraph problem are similar to the balanced case. This is expected, given that to maximize the number of edges (edge weights), the required subgraph should be as close to a balanced one as possible. For the minimum problem, it will be different.
MINIMUM COMPLETE BIPARTITE SUBGRAPH
Theorem 6. The minWCBS problem is NP-hard.
Proof. We consider a bipartite graph with edges of two possible weights: and . Suppose that instead of selecting vertices in a subgraph, we exclude vertices and all edges incident to them from the complete graph. In this case, the minWCBS problem of finding a bipartite subgraph on vertices of minimum weight is equivalent to the problem of finding a subset of vertices with a maximum number of incident edges of weight for elimination. Note that the total contribution of all edges of weight 1 is less than the contribution of one edge of weight . We construct an unweighted bipartite graph by removing all edges of unit weight from . The described problem is the maximum q-vertex cover problem on graph for .
Maximum q-vertex cover. Given a graph and a positive integer , it is required to find the subset of vertices with the greatest number of incident edges such that . The maximum q-vertex cover problem is NP-hard even restricted to bipartite graphs [1, 14] .
We consider the cone decomposition of the space by , where is the set of characteristic vectors of all feasible solutions of the minWCBS problem (3). Denote by Theorem 7. Let (6) then the clique number of the graph of the cone decomposition for the minimum weighted complete bipartite subgraph problem is superpolynomial in and :
Proof. Without loss of generality, we assume that . Otherwise, we can choose a vertex in each part and exclude them from further construction.
We divide the sets of vertices in each part into two equal disjoint subsets , . Inside each set, we number the vertices from 1 to m.
Consider the set of subgraphs of the following form: for any subset we construct a bipartite subgraph that includes vertices with numbers from the sets , and .
Let us prove that the cones corresponding to the subgraphs of are pairwise adjacent. We consider two arbitrary subgraphs of . Let the function of the edge weights have the following form ( Fig. 3) : Suppose that the weight of the subgraph (9) does not exceed the weights of and (7); then, taking into account the inequalities (7, 9, 11) , we have the following system that has no solutions for any values of the parameters m, s, a, b. Thus, the weight of any subgraph is strictly greater than the weights of and . By condition (4), the cones and are adjacent. The set forms a clique in the graph of the cone decomposition. By construction, we obtain 5. CONCLUSIONS The problems of constructing an optimal complete bipartite subgraph have been investigated by many authors and have many practical applications. For the three considered problems of the balanced subgraphs with arbitrary edges and unbalanced subgraphs of minimum and maximum weight with non-negative edges, the NP-completeness of the problems and the superpolynomial clique numbers of the 1-skeletons and graphs of the cone decompositions are established. In all three cases, the polyhedral characteristics correlate with the complexity of the problems.
It should be noted that the minimum complete bipartite subgraph problem is NP-hard, although the close problem of the existence of an unbalanced bipartite subgraph on vertices is polynomially solvable. Perhaps in this regard, the minWCBS problem turns out to be the most difficult to analyze, and the complexity of the dual problem of the maximum q-vertex cover in a bipartite graph remained unknown for many years [1] . 
